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A semiempirical valence-bond treatment including polar structures has been developed. Explicit 
formulas are given for the calculation of energy matrix elements and of charge and spin densities. The 
method has been applied to benzyl and allyl radicals and to butadiene. 

Es wurde ein semiempirisches Valence-Bond-Verfahren einschlieglich Polar-Strukturen ent- 
wickeR. Explizite Formeln werden ftir die Berechnung yon Energiematrixelementen und f'tir die 
Ladungs- und Spin-Dichte angegeben. Die Methode wurde auf das Benzyl- und das Allyl-Radikal und 
auf Butadien angewendet. 

On a d~velop6 un traitment semi-empirique de la m6thode des orbitals de valence avec inclusion 
des structures polaires. On donne des formules explidt6es pour le calcul des 616ments matriciels de 
l'~nergie et des densit6s de charge et de spin. On a appliqu~ la m6thode aux radicaux benzylique et 
allylique et g la molecule du butadi6ne. 

Introduction 

The semiempir ica l  va lence -bond  (VB) m e t h o d  has been extensively used in 
recent  years  for the ca lcu la t ion  of  n-e lec t ron  charge  and  spin densit ies  in molecules,  
radicals  and  ions [1, 2, 3].  M o s t  of  these ca lcula t ions  do  no t  include p o l a r  struc- 
tures, and  it has  been suggested [-4] tha t  such s implif icat ion,  which exaggerates  
the a m o u n t  of  e lec t ron cor re la t ion ,  can lead to cons iderab le  er rors  in the eva lua t ion  
of spin densities.  

In  the  present  p a p e r  the  p r o b l e m  of  inc lus ion  of  p o l a r  s t ructures  has been 
considered.  The  m e t h o d  has  been app l i ed  to a few simple systems for which 
results  f rom the a priori VB t rea tmen t  were avai lable  [-5], and  to benzyl  radical ,  
which had  been the ob jec t  of  extensive exper imenta l  and  theore t ica l  invest iga-  
t ions [4]. 

Theoretical Considerations 

F o r  a mo lecu la r  sys tem with  N (even or  odd)  electrons,  the wave  funct ions  are  
wri t ten in the form 

R Lr 

Z Z (1) 
r = l  1=1 

where  r labels  the  e lec t ron  d is t r ibu t ion ,  k the states and  I the  structures.  R is the 
n u m b e r  of  e lec t ron d i s t r ibu t ions  and  L r the n u m b e r  of  s t ructures  be longing  to  the 
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r-th distribution. In this work all systems are neutral alternant hydrocarbons 
(molecules or radicals) with each carbon atom contributing one orbital to the 
z~-system. Only non polar and singly polar structures with charges on adjacent 
atoms, which we call orthopolar,  are included. The number of electrons and avail- 
able orbitals are equal and when the geometry of the system is given, the possible 
distributions of electrons among the orbitals are easily obtained. For  each electron 
distribution the structures can be obtained by application of Rumer rules. Of 
course if N is odd, a phantom orbit must be included [6]. Doubly occupied and 
non occupied orbitals don't  need to be shown on Rumer diagrams. 

Ck,~ are obtained on solving the system of equations 

g Lr S = l  . . . R ,  
, ,s  ,~$ ~, ~, Ck, iEHi, i - EkAi,j] = 0 (2) 

,=1 i=1 j = l  ... L s. 

Rules to evaluate the matrix elements in Eq. (2) have been reported [2, 7, 8], both 
for the case that M = N (M is the number of orbitals appearing in a given structure) 
and for M ~ N. Two different approximations are frequently used when calculating 
matrix elements: differential overlap can be completely neglected or terms up to 
second order in overlap may be retained. 

Following Schug the second approximation has been used; integrals of the 
type <a(1)b(2)... [O[ a'(1)b(2)>, where O is H or 1, have been considered of second 
order if a and a' are next neighbour. To simplify the set up of canonical structures 
the following prescriptions were adopted. The available orbitals have been 
numbered in such a way that orbitals centred on adjacent atoms have different 
parity. The phantom orbit, when necessary, is located in the last position. 

All bonds in canonical structures are between an even and an odd orbital. In 
the fundamental permutation the orbitals are aligned according to their number, 
with an s-spin function coupled with odd orbitals and a fl-function with even 
orbitals. In ionic structures if p is the empty orbital and q is the doubly occupied 
orbital, the fundamental permutation is the following one: 

1 2 . . . p - 1  q p + l . . . q - 1  q q + l . . . N  

(in this example p < q). Since the charges are always on adjacent atoms, the parity 
of p and q are different so the spin assignement to the p-th and q-th electrons 
are ~ and fl or fl and ~ according to the fact that q is even or odd. Then in the 
superposition diagrams the fundamental permutations always correspond to spin 
matching. When the matrix elements H~,) s and A~J have been calculated (see next 
section) the secular determinant and Eqs. (2) have been solved, we obtain the 
ground state function 

R Lr 

= Y, Z (3) 
r = l  1=1 

The charge and spin densities at position r are given by the following expres- 
sions [9] : 

Q(r) = P+(r) + P-(r) (4) 
and 

Q(r) = P+(r) -- P-(r) (4') 
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where P+ and P -  are the e and fl spin electron density, respectively, defined as 
follows: 

1. . rN ' o~N)12 dz z d,cN P+ = NJ" IT(rl ,  • 7, r 2 ,  (~o2 . . . . . . .  (5) 

where the integrat ion is over spin and space coordinates  of N -  1 electrons. 
By substituting 7' in Eq. (5) from Eq. (3)we get: 

= . r* ... OON) q~(rl ' _+_ �89 rN ' C~N)d.r2 dz N P+ Z Z C o ~ i C o ~ j N I q h  ( r l ,  "~- � 89  r N ,  . . .  

. . . . .  J (6) 
= Z .Z. cgr, Co jPrY+-(r). 

r,s l , j  

If a and b are two of  the available a tomic orbitals, we may write 

N 
p r , $  d- = - +  PI,j - (a, b) a* (r) b (r) (7) 

a,b 

and hence 

Q(r) = ~ a*(r)b(r) ~ Z * r,s+ ,d �9 . Co,iCosj{P~.2 (a, b) + P"S-(a, b)} 
a,b r,s t , j  

= ~ a*(r)b(r)Q(a, b), 
a,b 

Q(r) = E a*(r)b(r) E Z * "'~+ Co,iCo~j{Pi,~ (a, b ) -  Pr,e-(a, b)} . .  t,J 
a,b r,s l,J 

= ~ a*(r)b(r)Q(a, b), 
a,b 

where the sums are over  all occupied orbitals, and all structures. 

(8) 

(8') 

Calculations 

The  matr ix  elements HI,) s appearing in Eq. (2) are built by a combinat ion  of  
many  integrals; these can be divided in four classes: 

a) Cou lomb  integrals: 

Q (r) = (a(1) b(2).. .  I~el a(1) b(2)...  >. (9) 

b) Exchange integrals: 

e(r) = (a(1)b(2) ... I~ t  b(1)a(2) . . .> .  (10) 

c) First  order  electron transfer integrals, 

zl(r, s) = (a(1)b(2) . . .  I~ la ' (1 )b (2 ) . . .> .  (11) 

d) Second order  electron transfer integrals: 

h.l(r,  s) = (a(1)b(2) . . .  I~ la ' (1)b ' (2) . . .>  (12) 

zz(r, s) = <a(1)b(2) ... [~r a"(1)b(2) . . .>.  (12') 

In the preceeding formulas a and a', b and b' are centered on adjacent atoms, a 
and a" on next  ne ighbour  atoms. 

2* 
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To simplify our formulas for matrix elements all integrals in classes b, c, d, 
have been assumed to be independent from the electron distributions u and v. 
The various integrals have been actually calculated for all cases and the numerical 
values are so close that the above assumption and the use of an average value for 
each kind of integrals is amply justified. Besides, all the integrals of the type e and 
zll have similar values and their averages are also very close so that one general 
average value has been used for both. In particular it can be shown [10] that 
second order transfer integrals <a(1)a(2) ... I~1 a'(1)a'(2)... > are equal to exchange 
integrals <a(1)a'(2)... ]Jgla'(1)a(2)...>. For  coulomb integrals the value cor- 
responding to the non polar distribution is significantly different from values for 
polar distributions, which are all very close to each other so that two values have 
been used: Q for the non polar distribution and Q', the average value for polar 
distributions. 

To summarize, the following integrals appear in matrix elements for the energy 
operator: 

Q, Q', e, z 1 and 27 2 . 

In the same approximation, two average values for the overlap integrals are used: 

S =  <aid> and S ' :  <ala">. (13) 

To calculate the integrals the geometry of the system is needed. Our assumed 
geometries are given in Fig. 1, together with the numbering of the atoms. 

I 

2 \ 
1.4~ 3 

4 

(a) (b) 

1 

8 

5 

(c) 

Fig. 1. Numbering of atoms and geometries of (a) allyl radical, (b) butadiene, (c) benzyl radical. Bond 
length in/~, bond angles in degrees 

The formulas for matrix elements 

r s AU = <q~ I q~j> 

and P~'S(a, a) can now be written. Three different situations occur: 

(14) 

(14') 
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a) r = s. Then 

H~J = * + (1 + 6uq + avq)f(u, v) , (15) 
u,v 

1{1 
pr,r+ij_ (a, a) = (1 - 6ap) (1 + 6aq) ~ ~-  --+ A~0 

(15") 

+ $ 2 ~  ~ f(u,v)(l+a.q+avq)(~-t-A",,~) 
lu,  v~=p =/=a 

Q* is equal to Q(Q') if r is a covalent (ionic) distribution. ~ '  is over all pairs of 
orbitals centered on adjacent atoms; Y" is over all orbitals adjacents to a; ~ is the 

N + I  
Kronecker symbol; n is equal to N/2 if N is even or ~ if N is odd; i is the 

number of islands in the superposition diagrams for the two structures in the 
fundamental permutation; f(u, v) is equal to 1 if orbitals u and v belong to the 
same island, and equal to - 1/2 if they belong to different islands. A~ is equal to 0 
if the orbital in position x and the phantom orbital w are on different islands, in 
the superposition diagram, is equal to 1/2 if x and w are in the same island an 
odd number of bonds apart, is equal to - 1 / 2  if x and w are on the same island 
an even number of bonds apart. When yz is equal to 00 the fundamental permuta- 
tion of both structures must be used in the superposition diagram, otherwise the 
fundamental permutation of structure i must be superimposed to the permutation 
of structure j obtained from the fundamental by exchange of orbital y and z. 

b) r is the covalent distribution and s one of the polar distributions: 

] / ~ z  V2 (16) H~,']= 2._--- T , ATJ= ~ = ~ - S ,  

P;~,y (a,a)=(1-a..)( 1 + _ A ~ o ) ~  S. (16') 

c) r and s are two different polar distributions: 

1 U'~J = ~ [(2 - 2 6 . . , -  6,., - 6p,,)e + 2(6pp.- 6qr (17) 

A~ff = ~ _ ~  [(2 - 26pp, - aqp, - 6pq,)S 2 + 2(app, - 6~r (17') 

2 a '~  2S' P[)*(a,a)= (1-aa.) +3oo)57q- if p=p', (17") 
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2 1 + A ~ o  $2 

S' } q' 
- [ l + S a q + _ 2 A ~ o ( 1 - 6 a q ) ] - ~ -  , if q =  

o) r , s+  PIj - (a, a) = (1 - 6ap - hap, ) ~ _+ AS �9 (2 - 6qp, 6pq,) 

if p ~ p' and q ~ q' . 

Primed and unpr imed  p's and q's refer to the two structures. 

(17") 

(17"') 

R e s u l t s  a n d  D i s c u s s i o n  

A. B e n z y l  Rad ica l  

The spectrum of  this c o m p o u n d  has been analyzed by Carr ington and Smith 
[4] who  obta ined the following absolute values for the hfs constants :  al = 16.35, 
a 3 =5.14,  a4=1 .75  , as =6.14. Theoret ical  values of  these quantities can be 
obtained f rom the cor responding  spin densities 0i th rough  the McConnel l ' s  
relationship 

al = QQi (18) 

where Q is given by 

2al + 2a 3 -- 2a4 + a5 (19) 
Q = 201 + 203 ~ 204 q- 05 

Theoretical  values of  ai had  been previously obtained using the VB me thod  with 
inclusion of  5 or  14 covalent  structures. The agreement  with experiment is worse 
when 14 structures are used and this fact was considered as due to the exaggerated 
electron correlation. 

We included 70 or tho-po la r  structures besides the 14 covalent structures. The 
values of  integrals obta ined f rom the averaging of  the theoretical values (see 
Appendix ,I) are (in a.u.): 

Q = - 6.85, Q' = - 6.56, e = - 0.48, z I = - 1.82, z 2 = - 0.26, s = 0.2547, s '  = 0.0364. 

The predicted h f s  constants  are shown in Table 1, together  with previously 
calculated and experimental  constants.  

Table 1. Predicted h fs constants (in Gauss): Q = 24.28 

al a3 a4 a5 

5 covalent structures 15.58 7.50 4.03 7.50 
14 covalent structures 15.04 9.41 5.92 8.55 
14 covalent + 70 ortho-polar structures 14.78 8.94 5.03 8.33 
Experimental 16.35 5.14 1.75 6.14 

The results are slightly improved  with respect to the ones given by the full 
covalent treatment,  but  are still worse than the more  simplified calculations. It  
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seems that  electron corre la t ion has not  been reduced as much  as it should and  

perhaps meta  and  para  polar  structures are needed. 
It  might  be thought  that  the choice of integrals has no t  been a happy one. 

However  it has been already poin ted  out  [7] that  spin densities caldulated by the 
VB method  are no t  very sensitive to the values assumed for the integrals. Con-  
sidering the integrals as parameters,  calculations performed with different sets of 
extimated values for such parameters ,  within reasonable  ranges, lead to results 

not  significantly affected. 

B. Allyl Radical and Butadiene 

For  sake of compar ison,  two simple systems, allyl radical and  butad iene  were 

treated in the same approximat ion .  
The results for allyl radical  can be compared  (see Table  2) with values previously 

obta ined  by the a priori VB method  [5], and  with experimental  values, when 
available. 

Table 2. n-electron energy and spin densities for allyl radical 

This work This work Ref. 5 Exp. [11] 
6 structures 2 covalent structures 

Qa 0.630 0.677 0.622 0.589 
Qz - 0.228 - 0.312 - 0.206 - 0.155 
0~/02 - 2.76 - 2.17 - 3.02 - 3.80 

(alia 2 = - 3.54) 
E (a.u.) - 1.76 - 1.70 - 1.767 

It seems that  while present  t rea tment  gives a result very close to the one 
ob ta ined  by the a priori method  for the energy, spin densities are significantly 
worse. However  for allyl radical  the benefit inclus ion of polar  structures is signifi- 
cant. 

Fo r  butadiene  a ~-electron energy of - 2 . 8 1  a.u. was obta ined,  to be compared  
with E = - 2 . 8 5  (cis) and  - 2 . 8 2  (trans) from the a priori method.  

Appendix [ 

As an example we give the values ob ta ined  for the different first order electron 
transfer integrals, from which it may be seen that the difference between the 
different values and  the average is always less than  5 %. 

(abcdefg[df[ aacdefg)  = - 1.8357 (a.u.) 

(abcdefg[~f'l bbcdefg)  = - 1.8476 

(abcde f g [~1 abbde f g) = - 1.7547 

(abcde f g I J/g[ accde f g) = - 1.7494 

(abcdefgl~] abccefg)  = - 1,8707 

(abcdefg V(r abddefg) = - 1.8713 

(abcdefgIof'l abcddfg) = - 1.8417 

(abcdefgto~f'[ abceefg)  = - 1.8415 
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Appendix H 

T h e  s t r u c t u r e s ,  t h e  s y m m e t r y  s t r u c t u r e s  a n d  t h e  g r o u n d  s t a t e  w a v e  f u n c t i o n  

( c o r r e s p o n d i n g  to  E = -  7 .04454  a.u.)  f o r  t h e  b e n z y l  r a d i c a l  a r e  s h o w n  in  t h e  

f o l l o w i n g  T a b l e s  A1 ,  A 2 ,  A 3 .  

Table A1. Structures 

r i q~ r i ~p~ 

1 1 
1 2 
1 3 
1 4 
1 5 
1 6 
1 7 
1 8 
1 9 
1 10 
1 11 
1 12 
1 13 
1 14 
2 1 
2 2 
2 3 
2 4 
2 5 
3 1 
3 2 
3 3 
3 4 
3 5 
4 1 
4 2 
4 3 
4 4 
4 5 
5 1 
5 2 
5 3 
5 4 
5 5 
6 1 
6 2 
6 3 
6 4 
6 5 
7 1 
7 2 
7 3 

1--2 3--4 5--6 7 - 8  
1--4 2--3 5 - 6  7--8 
1--6 2--3 4--5 7--8 
1--8 2--3 4 - 5  6--7 
1--2 3 - 8  4--5 6--7 
1--2 3--4 5--8 6--7 
1--2 3--8 4--7 5--6 
1 - 2  3 - 6  4--5 7--8 
1 - 4  2--3 5--8 7--6 
1--6 2--5 3--4 7 - 8  
1--8 2--7 3--4 5--6 
1--8 2--3 4 - 7  5--6 
1 - 8  2--7 3 - 6  4 - 5  
1 - 8  2--5 3 - 4  6--7 
2--2 3--4 5--6 7 - 8  
2--2 3--8 4 - - 5  7--6 
2--2 3--4 5--8 7--6 
2--2 3--8 4--7 5--6 
2--2 3 - 6  4 - 5  7--8 
1--1 3--4 5 - 6  7--8 
1--1 3--8 4 - 5  7--6 
1--1 3--4 5--8 7--6 
1--1 3 - 8  4--7 5--6 
1 - 1  3--6 4--5 7--8 
3 - 3  1--4 5--6 7--8 
3--3 1--8 4--5 6--7 
3 - 3  1--4 5--8 6 - 7  
3 - 3  1 - 8  4--7 5--6 
3--3 1 - 6  7--8 4 - 5  
2--2 1--4 5--6 7 - 8  
2--2 1 - 8  4--5 6 - 7  
2--2 1 - 4  5--8 6 - 7  
2--2 1--8 4--7 5--6 
2--2 1--6 7--8 4--5 
4 - 4  1--2 5 - 6  7--8 
4 - 4  1--8 6 - 7  5--2 
4--4 1--2 5 - 8  6--7 
4 - 4  1--8 2 - 7  5--6 
4 - 4  1--6 2 - 5  7--8 
3 - 3  1--2 5--6" 7 - 8  
3 - 3  1--8 6--7 5--2 
3--3 1--2 5 - 8  6 - 7  

8 
9 
9 
9 
9 
9 

10 
10 
10 
10 
10 
11 
11 
11 
11 
11 
12 
12 
12 
12 
12 
13 
13 
13 
13 
13 
14 
14 
14 
14 
14 
15 
15 
15 
15 
15 

4 3 - 3  1 - 8  2 - 7  5 - 6  
5 3 - 3  1 - 6  2 - 5  7 - 8  
1 5 - 5  1 - 2  3 - 6  7 - 8  
2 5 - 5  1 - 8  2 - 3  6 - 7  
3 5 - 5  1 - 2  3 - 8  6 - 7  
4 5 - 5  1 - 8  2 - 7  3 - 6  
5 5 - 5  1 - 6  2 - 3  7 - 8  
1 4 - 4  1 - 2  3 - 6  7 - 8  
2 4 - 4  1 - 8  2 - 3  6 - 7  
3 4 - 4  1 - 2  3 - 8  6 - 7  
4 4 - 4  1 - 8  2 - 7  3 - 6  
5 4 - 4  1 - 6  2 - 3  7 - 8  
1 7 - 7  1 - 6  4 - 5  3 - 8  
2 7 - 7  1 - 8  6 - 5  3 - 4  
3 7 - 7  1 - 6  5 - 8  3 - 4  
4 7 - 7  1 - 8  6 - 3  4 - 5  
5 7 - 7  1--4 3--8 5 - 6  
1 2 - 2  1 - 6  4--5 3 - 8  
2 2 - 2  1 - 8  5 - 6  3 - 4  
3 2 - 2  1 - 6  5 - 8  3 - 4  
4 2 - 2  1 - 8  3 - 6  4 - 5  
5 2 - 2  1 - 4  3 - 8  5 - 6  
1 6 - 6  1 - 2  4 - 5  3 - 8  
2 6 - 6  1--8 3 - 4  2 - 5  
3 6 - 6  1 - 2  5 - 8  3 - 4  
4 6 - 6  1 - 8  2 - 3  4 - 5  
5 6 - 6  1"--4 2 - 5  3 - 8  
1 7 - 7  1 - 2  4 - 5  3 - 8  
2 7 - 7  1 - 8  4 - 3  2 - 5  
3 7 - 7  1 - 2  5 - 8  3 - 4  
4 7--7 1 - 8  2--3 4 - 5  
5 7 - 7  1 - 4  2 - 5  3 - 8  
1 5 - 5  1 - 2  4 - 7  3 - 8  
2 5 - 5  1 - 8  2 - 7  3 - 4  
3 5 - 5  1 - 2  7--8 3 - 4  
4 5 - 5  1 - 8  2 - 3  4 - 7  
5 5 - 5  1 - 4  2 - 7  3 - 8  
1 6--6 1--2 4--7 3 - 8  
2 6--6 1--8 2--7 3--4 
3 6 - 6  1 - 2  7--8 3--4 
4 6--6 1--8 2 - 3  4--7 
5 6--6 1--4 2 - 7  3--8 
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Table A2. Symmetry structures 

25 

WI = ~11 + ~sl W23 = ~5,~_ ~114 
w2 = ~ + ~ '  1//24 = ~ + ~ I  

w, = ~ + ~ 1  w ~ =  ~ + w  1~ 
w~ = ~ ~'~ = ~ + w~ ~ 
1//e = ~ 4  e28  = ~/6 + 1//412 
~t7 = ~91 -- ( ~  + (J~0 + ~ 1  ~/29 = ~t'f/56 + 1//12 

w, = ~ - ~ + ~ + ~ + ~ 1 1 - ~  e3o=W?+~'1 ~ 
w~ = ~ + ~  W~l = w ~ +  w~ ~ 
Wlo = ~ w,2 = ~q + ~ 3  

e .  = ~ + ~ o  e ~  = w~ + w~* 
~u6 = ~4 + ~ o  1//38 = 7 ~8,~• 7~44 
~/13 = ~ + ~[)310 1////39 = ~/~ + ~X~t58 14 
W18 = ~ +  ~10  liT/40 = 1//9+ ~/115 

= ~bs + ~ s  W4~ 9 is //19 4 10 

W~o = ~ + r  ~e,~ = w ~ +  w~ s 
= (J~2 + ~2  1[/,3 9 15 //21 5 11 
-- 5 11 __ 9 15 

I//22 -- ~3  + ~ 3  1//4-* --  ~'/5 + 1//5 

Table A3. Ground state wave function 

7 j =  0.10242W 1 +0.06896~2 +0.056431//3 +0.003161//4 +0.09927W 5 +0.011621//6 
+0.02190 1//7 + 0.03316 ku 8 + 0.04655 W 9 + 0.03976 W10 + 0.01460 ~ 1  + 0.04953 7J12 
+0.04281 W13 + 0.01516 W~4 + 0.01810 7Jls + 0.05571 1//16 + 0.02079 W17 + 0.03125 W18 
+0.01288 W19 + 0.01758 W2o + 0.05413 ~2~ + 0.02009 W22 + 0.03055 ~z3 + 0.01307 W24 
+0.03039 W2s + 0.01244 1//26 + 0.05678 7J27 + 0.05724 W28 + 0.01226 W29 + 0.03057 1//3o 
+0.01277 Way + 0.05604 W32 + 0.05710 W33 + 0.01212 1//3, + 0.00654 ~35 + 0.03492 W36 
+ 0.05932 7Ja 7 + 0.03794 W38 + 0.02047 W39 + 0.00636 W4o + 0.03484 W,l + 0.05985 ~,2 
+ 0.03798 ~P,3 + 0.02034 W,4 
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